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THE "MERANER LEHRPLAN." THE "MERANER LEHRPLAN." 

OBERPRIMA. 

1. Conic Sections treated both analytically and synthetically with 

applications to the Elements of Astronomy. 
2. Revision work taken from tlhe whole province of School Mathematics, 

and, where possible, harder incidental problems which have to be solved by 
calculation and drawing. 

3. Retrospective work introducing historical and philosophical points of 
view. 

REVIEWS. 

Life and Scientific Work of P. G. Tait. By C. G. KNOTT. 10s. 6d. net. 
1911. (Cambridge University Press.) 

Seldom in a generation does it fall to the lot of a scientific worker to become a 
pre-eminent leader in his subject; and not often in the course of the centuries is 
such a leader also pre-eminent as a clear and original writer, as an unusually 
effective lecturer, and as an exerter of powerful personal influence. Each of these 
qualifications by itself would be sufficient to make its possessor a man of distinc- 
tion. He who possesses them all is truly great as a worker and teacher, great 
also as a man when his personal aims and influences are all in the direction which 
he deems to be highest and best. Other men gather the long record of work 
which he leaves behind, and it is passed on to help the work of other ages. His 
works do not cease with his life, they follow him. His influence continues to 
spread too, if in diminished stream, unavoidably and unconsciously, by means of 
those who have come under the compulsion of his personality. He exerts com- 
pulsion, not on his pupils merely, but on his compeers also; and through this his 
influence redoubles itself. From the record of his life and work, men who never 
knew him may come under the magic spell and be enrolled in the list of his dis- 
ciples. Such a man was Peter Guthrie Tait, Natural Philosopher. 

The portraits with which this volume is illustrated have been happily chosen. 
Strength, and genius, and cleared-eyed honesty of purpose, are unmistakeably 
depicted in the magnificent frontispiece, taken at the time when, after the first 
issue of the epoch-making Treatise, he was occupied with his great paper on 
Green's and other allied theorems, and with the beginnings of his thermo-electric 
investigations. Even in the quaint graduate group at Cambridge one can recog- 
nise the characteristic pose of the head, the thoughtfulness of the features, and 
the keen enquiring glance, which were familiar in later years. Critchley's snap- 
shot will recall, to 'veterans' (p. 22) who may be alive, the worker and the room 
behind the lecture hall, which he used partly as a workroom, partly as an 
apparatus room. The photograph by Marshall Wane exhibits, more than any 
other, the finer qualities of his nature and the true kindliness of heart which 
tempered his strength. In the Peterhouse portrait the artist has caught the 
compelling spirit of the great teacher as he stood in front of his blackboard 
initiating his advanced class into the mysteries of mirage. In regarding it we 
can understand better the meaning of Maxwell's words, " Dynamical theorems 
have been dragged out of the sanctuary of profound mathematics in which they 
lay so long enshrined, and have been set to do all kinds of work, easy as well as 
difficult, throughout the whole range of physical science. The credit of breaking 
up this monopoly of the great masters of the spell, and making all their charms 
familiar to our ears as household words, belongs in great measure to Thomson and 
Tait. The two northern wizards were the first who, without compunction or 
dread, uttered in their mother tongue the true and proper names of those 
dynamical concepts which the magicians of old were wont to invoke only by the 
aid of muttered symbols and inarticulate equations. And now the feeblest 
amongst us can repeat the words of power and take part in dynamical discussions 
which but a few years ago we should have left for our betters." 

The first chapter of the volume constitutes a memoir of Tait, and forms a fitting 
introduction to the following chapters, in which special features or examples of 
his work are treated in detail. A proper appreciation of the spirit and meaning 
of a man's writings is immensely aided if the reader has known the writer's manner 
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THE MATHEMATICAL GAZETTE. 

of speech. Next in effectiveness, comes such a knowledge of his character and 
impelling motives as may be gained from a good biographical sketch. The springs 
of Tait's views and actions are briefly but clearly depicted in this chapter. The 
sketching, from compulsion of brevity, is necessarily impressionistic; but the 
essence of the matter is so vividly drawn that each individual reader cannot fail 
correctly to visualise for himself the great and strong personality, each taking in 
his own mental presentation of it just that variation of standpoint which gives 
the result appealing most to his own powers of appreciation, while every such 
standpoint, so chosen, cannot fail to give a correct view. The essence being 
correctly given, each presentation consistent with it must be valid. Here are 
some of the glimpses given, in the form of quotations, in the brief pages: 

" In his loveable simplicity and warmth of heart one sometimes forgot his great 
gifts of intellect "; 

"No one could know him without being drawn to him by the warmest ties.... 
He was always so hearty and kindly, so ready to help and so pleased to have his 
friends around him. We all reverenced his gigantic intellectual power and were 
proud of all that he did for the advancement of science, but the charm of his 
buoyant and unselfish nature won our hearts from the very first"; 

" What the Council (of the Royal Society of Edinburgh) now feel is that a great 
man has been removed, a man great in intellect and in the power of using it, in 
clearness of vision and purity of purpose, and therefore great in his influence, 
always for good, on his fellowmen; they feel that they and many in the Society 
and beyond it have lost a strong and true friend.'' 

Here is one statement from Kelvin: 
"We never agreed to differ, always fought it out. But it was almost as great 

a pleasure to fight with Tait as to agree with him. His death is a loss to me 
which cannot, as long as I live, be replaced." 

Here are some from Flint: 
"Undoubtedly it was a great advantage for our students here that they should 

have entered the Hall through that portal (Tait's class-room), and received the 
instruction and come under the influence of one universally recognised to have 
had not only a genius of the first order for research, but rare gifts as a teacher. 
He was not one whom his students were ever likely to forget, while many of 
them must have felt that they owed to him far more than they could estimate or 
express. 

"If you have not learned to be interested in the truths of Natural Philosophy, 
the fault cannot have been your teacher's, and unless altogether incapable of 
learning anything, you at least cannot have failed to learn that such a man's 
mind was immeasurably larger than your own. 

"Our deceased friend was a man of strong self-consistent individuality. He 
was 'himself like unto himself alone.' And he had about him the charm 
inseparable from such a character. He never lost the freshness of spirit which 
so soon disappears in the majority of men that it is apt to be deemed distinctive 
of youth. There was to the last a delightful boyishness of heart in him such as is 
assuredly a precious thing to possess." 

"Tait was a genius, but a genius whose life was ruled by a sense of duty, and 
it was shown to be so by the vast amount of work he accomplished, which is 
acknowledged by those who are ablest to judge of its worth, to be of the highest 
value. He was a genius with an immense capability of doing most difficult work, 
and he faithfully did it. His life was one of almost continuous labour. He faith- 
fully obeyed the injunction, 'Work while it is called to-day.' And the work 
which he chose to do was always hard work, work which few could do, work 
which demands no scattering of one's energies, but the utmost concentration of 
them. He wasted no portion of his time in trying to keep himself en evidence 
before the world. He willingly left to others what he thought others could do as 
well or better than himself. But whatever he thought it his duty to undertake 
he did thoroughly." 

" He is among the rare few in a generation of whom the memories live through 
the centuries." 

Lastly, here is another statement by Kelvin, made when he was unveiling the 
Peterhouse portrait: 

" Tait hated emotionalism almost as much as he hated evil, and he did hate 
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evil with a deadly hatred. His devotion, not only to his comrades and his 
fellow-workers, but also to older men-such as Andrews and Hamilton-was a 
remarkable feature of his life. Tait was a most attractive personality, and its 
attractiveness would be readily understood when he unveiled the portrait. It 
gave one the idea of a grand man, a man whom it was a privilege to know." 

No student who desires to appreciate the deep compelling influence which this 
doer of good and hater of evil exerted upon the fortunate students who came into 
direct contact with him should read this chapter lightly. A careful study will 
make him feel the influence himself, and he too will become a disciple, having 
realised that the influence of such an one never "drops prone and void as any 
thoughtless dash," but lasts throughout the ages. 

The second chapter is devote(l to Tait's work as an experimenter from the early 
days of his collaboration with Andrews to his latest investigations on impact and 
compressibility. His idea of a college laboratory, given in his address to the 
students on the occasion of the first opening of his own, was that it should be a 
place "where a student may not only repeat and examine from any point of view 
the ordinary lecture experiments, thereby acquiring for himself an amount of 
practical information which no mere lecturer can pretend to teach hiim; but 
where he may also attempt original work, and possibly even in his student days 
make some real addition to scientific knowledge. That this is no delusive 
expectation is proved by the fact that in Glasgow, under circumstances as to 
accommodation and convenience far more unfavourable than I can now offer, 
Sir W. Thomson's students have for years being doing excellent work, and have 
furnished their distinguished teacher with the experimental bases of more than one 
very remarkable investigation. What has been done under great difficulties in the 
dingy old buildings in Glasgow, ought to be possible in so much more suitable a 
place as this." It was not merely possible, it was actually done. Tait's early 
laboratory was, no doubt, much better than Kelvin's early laboratory; neverthe- 
less, like his, it was a poor half-starved affair in which work went on under 
conditions which repelled any student but one who was an enthusiast. But Tait 
drew the enthusiasts around him, and the results followed: thermo-electricity and 
thermal conductivity, pressure errors of thermometers, physical properties of fresh 
water and sea water, the laws of impact, the motion of rotating projectiles, etc., 
contributed to a record of work which can easily rank alongside the output of any 
other physical laboratory. Tait was an enthusiastic experimenter himself, very 
reluctant to accept a negative answer, possessed of intuitively correct physical 
instincts which enabled him to see with instantaneous glance the essentials of 
a problem, and withal very willing to give the performance of work to any other 
who was eager and willing. He derived even more pleasure from seeing the neat 
performance of work by another than he could have got from its elaboration by 
himself. And, as Dr. Knott says, he "never failed to give full credit to those 
who helped him in carrying his ideas to fruition." It was easy to understand his 
own remark, "The discovery of a new law of nature, or even a new experimental 
fact, or the invention of a novel mathematical method, no matter who has been the 
first to reach it, is an event of an order altogether different from, and higher than, 
those which are profusely chronicled in the newspapers. It is something true and 
good for ever." So also it was easy to understand the effectiveness of his teaching, 
and the reverence of his pupils. Even in their junior days he would give his 
students glimpses of the big peaks and fire them with the mountaineer's ardour. 

He willingly left to others what he thought others could do as well or better than 
himself, said Flint, no matter who has been the first to reach it, said Tait. A 
good example occurs in connection with the note to Thomson given on page 92. 
Tait had thought it worth while to enquire experimentally if (presumed) absolute 
ether drift past two relatively fixed bodies, one emitting luminous vibrations, the 
other dispersing them on the grating principle, would affect the apparent wave- 
length. Not possessing a powerful grating, he "set Piazzi on to try his magnifi- 
cent Gitter." Piazzi Smythe, on his part, having carried out the experiments to 
a (then) high degree of accuracy, heads his notes " Tait experiments by C. P. S." 
(Proc. R.S.E., 1902). Tait evidently had not sufficient confidence in the admissi- 
bility of the theoretical view to lead him to publish the negative result, though he 
thought the experiment worth performance. 

Chapters iii., iv., and v. deal respectively and specially with Mathematical 
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Work, Quaternions, and "Thomson and Tait" (T. and T'.), although it is im- 
possible to separate entirely the subject matter of each. Tait's mathematical 
powers were immense. Had it not been so, his work could not have been per- 
formed. Kelvin, in speaking of their joint work said that they "did heavy 
mathematical work, stone-breaking was not in it." But it may probably be said 
with accuracy that none of his mathematical work originated otherwise than in 
connection with physical problems. When he was professor of pure mathematics 
in Belfast, in his first letter to Rowan Hamilton, he said, "I have all along pre- 
ferred mixed, to pure, mathematics, and since I left Cambridge, where the former 
are little attended to, I have been busy at the Theories of Heat, Electricity, etc." 
This fact can form little or no source of regret to the pure mathematician when he 
considers the other fact that the contributions of physics to the development of 
pure mathematics have perhaps been as great as have been those of mathematics 
to the development of physics. Had Tait kept to pure mathematics as his field of 
work, the gain to pure mathematics would have been large, but his great work 
in physics would then have been unperformed, and his immeasurable because 
unrealisable influence on the work of other physicists would have been unexerted. 

Amongst the mathematical notes which abound in his Papers, some deal with 
problems regarding numbers. He once said that he could have given his whole 
life to the development of the Theory of Numbers; again he said that he had 
spent two years in the study of the theory and had always considered them as 
two years wasted. In making the former statement he spoke as a mathematician, 
in making the latter he spoke as a physicist. Perhaps the most purely mathe- 
matical investigation which he carried out is contained in the great series of 
papers on Knots, which place his name as a writer on topology on the roll which 
contains that of Listing; but even that work was suggested by physical con- 
siderations connected with the possibilities of vortex atoms. 

The chapter on quaternions is of unique interest as exhibiting the relations 
between Tait and Hamilton, the great founder of the method. Work on the 
projected Elements had ceased partly from the pressure of work on definite 
integrals, but partly also, as it now appears, from an impression that no one 
cared or was soon likely to care, about quaternions, when Hamilton was led to 
recognise in his young disciple one who could bear his own armour and wield his 
own weapons; and then the great work took form with immense rapidity. This 
is one of the examples of Tait's influence on his compeers. The work of the two 
was quite distinct: Hamilton dealt with the subject in its purely mathematical 
aspect, Tait was concerned primarily with its physical possibilites. Maxwell's 
knowledge of the leading ideas, and physical value, of the method is well known 
from his introduction of the notation into his own epoch-making treatise: one of 
the surprises contained in the volume under review is the exhibition given of Max- 
well's powerful command of the processes of the method and his clear appreciation 
of their value in the development of physics. In replying to Tait's transmission 
to him of two notes, one quaternionic, the other in ordinary analysis but based on 
a quaternionic treatment, he says, "0 T' your notes have ravished me. . . . But 
the virtue of the quaternions lies not so much as yet in solving hard questions, as 
in enabling us to see the meaning of the question and of its solution, instead of 
setting up the question in x, y; z, sending it to the analytical engine, and when 
the solution is sent home translating it back from x, y, z, so that it may appear as 
A, B, C, to the vulgar." 

The fundamental difficulty in the way of a beginner in the study of quaternions 
is well put by Tait in one of his early letters to Hamilton. "About quaternions 
in general I may remark (as indeed I very frequently feel) that the processes are 
sometimes perplexingly easy-by which I mean that one is often led in a step or 
two and without (at once) knowing it to the solution of what would be by ordinary 
methods a work not so much of difficulty as of labour. This however I take it 
must form one of its great excellencies in the hands of a person very well 
acquainted with it. A drawback to a beginner, but (as I am gradually being 
led to perceive) an immense advantage to one well skilled in the analysis, is 
the enormous variety of transformations of which even the simplest formulae are 
susceptible...." This is indeed the trouble which the average student feels, and 
there is no cure for it other than that adopted even by Tait-the cure of applica- 
tion which brings familiarity, and with it, in this case, appreciation. Maxwell 
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well knew, it appears, that, while " unbelievers are rampant," there is no truth 
in their assertion that "at the best it must rank with abbreviated notations." 
To some extent at any rate this may be true of non-quaternionic vector 
analysis; but it cannot be true of the self-contained system, which without 
adventitious aid is developed from a few fundamental definitions and by 
means of all but one of the rules of ordinary algebra, while that one has the 
simplest possible substitute. The essence of Hamilton's system, and the feature 
which determines its peculiar utility, is involved in the recognition of two distinct 
and non-conflicting uses of the same symbol, as a vector or as a versor. Hence 
the associative law becomes applicable, and a workable algebra results. If the 
needless distinction between the two interpretations of one and the same symbol 
is to be retained, we must give up the simple self-contained quaternionic algebra 
and either pick out and use its disconnected parts, as is done in the vector algebras 
or we must introduce, by means of the ordinary imaginary, a separate versor 
notation, and so retain the associative principle but introduce non-homogeneity 
as between even and odd products of vectors-to which the logical conscience may 
object as strongly as to the mixed addition of scalars and vectors. 

The fact that there is no real quarrel, whatever discussion there may be, 
between quaternionists and vector analysts is shown by their conjunction as 
members of the International Association for the Promotion of the Study of 
Quaternions and other Allied Systems. Tait was one of its original members, 
although he declined the honour of its presidency. The only danger that is likely 
to arise (has arisen) lies in the multiplication of notations; and in this connection 
it should be remembered that Hamilton's genius was scarcely less exhibited in his 
invention of a suitable notation than it was in his formulation of this system. 
His notation could be largely employed in the other vector analysis with no loss 
to them, but with the advantage that, however different their idioms, their 
speeches would be expressed in a common language. A quaternionist would only 
rejoice if in any case such an idiom were more expressive than his own. He 
rejoices to some extent in the spread of these analyses because, I think, he recog- 
nises in it the compulsion of the Zeitgeist unavoidably bringing about the time 
which Hamilton predicted to Tait in the words, " Never mind when." 

The correspondence given in this chapter-Maxwell to Tait, of which the other 
side is unfortunately lost, Cayley to Tait and conversely-is of great interest. 
The difference between the antiquaternionic view and the quaternionic view is 
well brought out il the latter. It is as broad (and no more than as broad) as the 
difference between pure mathematics and physics. Much information is given 
regarding Tait's work on "Nabla" and the Linear Vector Function. The man 
whose good fortune it may be to come into the inheritance which Tait regarded 
as being still stored up in the linear vector function will owe his title-deeds to 
Tait. Perhaps Tait got a glimpse of it himself in that last effort of the gigantic 
intellect just two days before his death (p. 169). 

The story of the initiation and growth of the great Treatise is well told in the 
chapter on "Thomson and Tait." The initiation was due to Tait, and so also 
was the compulsion which carried it through. The collaboration was very com- 
plete; so that, although definite parts are specifiable as the work of one or other, 
the work of each being submitted to the judgment of the other, it is impossible to 
say what influences were effective in the final moulding. Each possessed the 
whole-hearted trust of the other, and neither thought of self. Tait's self-oblitera- 
tion appears in two connections. One is the exclusion of quaternions. No one 
can judge which author was right; whether the introduction of quaternions would 
have diminished the usefulness of the Treatise, or whether it would have com- 
pelled as great a change in the treatment of the mathematics or physics as it did 
in the treatment of dynamics itself. The other case of effacement occurred in 
connection with the treatment of attraction. Tait wished that subject to be 
reserved for the projected volume on properties of matter. It is interesting to 
note Hamilton's disciple introducing Thomson to the Hamiltonian dynamics. 
How delightedly he would watch the developments ! A good example of the 
converse action is seen in Thomson's incitement of Tait to enquire into the 
foundations of kinetic theory. 

The entire loss of Tait's side of the Maxwell-Tait correspondence is greatly to 
be regretted. The nature of the letters can only now be inferred from the 
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replies, of which some are given. They must have contained rich examples of 
that bubbling humour and of the apt quotations which Kelvin spoke of as having " brightened their hours of work." This note to Kelvin gives an amusing illus- 
tration:-To W. Thomson, 20/10/83. Dat veniam corvis:-e.g. "34 pounds on 
the inch " J. & T. Has even this made its authors the laughing-stock of Europe ? 
Vexat censura columbas:-e.g. " 3 tons weight per square inch." T', pitched into 
by T., in the quasi-prophetic terms quoted above. In memoriam peccati, Hand 
immemor peccavisti. 

Chapters vi., vii., and viii. contain respectively accounts of Tait's other books, 
his addresses and reviews, and his popular scientific articles. All of these were 
characteristic productions. Among the samples given of the latter is his non- 
mathematical account (published in Nature) of his beautiful investigation, experi- 
mental and mathematical, into the phenomena of mirage. Another, sampling his 
papers on the science of golf, is the article on Long Driving from the Badminton 
Magazine. In connection with this subject, and also as giving a vivid picture of 
the man in the midst of holiday surroundings, a special section on "Tait at St. 
Andrews," written by J. L. Low, the biographer of his son, Freddie Tait, has 
been included in chapter i. 

In the course of the volume, two or three examples are given of that power of 
witty versification which Tait possessed in common with Maxwell. 

Tait's attitude towards matters of religion is also dealt with. Its general nature 
is well known to any one who is acquainted with The Unseen Universe. His view 
of those who regard religion and science as mutually incompatible is well put in 
his article on "Religion and Science," reproduced in chapter vii. from the Scots 
Observer. His own attitude is still more clearly put on p. 36, in an extract from 
an article, "Does Humanity Demand a New Revelation ?" published in the Inter- 
national Review. On the next page Dr. Knott gives an instance of Tait's strong 
disapproval of the flippant use of Biblical quotations, absolutely correct in so far 
as Tait's part is concerned. But the man who made the quotation objected, as 
strongly as any one could, to such uses. The silence to which he was reduced was 
pained silence, not astonished silence; for it was Tait's remark only that revealed 
to him the peculiar sacredness of the quotation he had made, and which he had for 
the moment entirely forgotten. I only allude to the matter because of the fact, of 
which Dr. Knott must certainly be unaware, that the man is still alive and might 
see the statement. Dr. Knott has done what must be regarded by the vast majority 
of his readers as a true service in bringing these expressions of Tait's views 
together. For Tait had, on this subject, the characteristic Scottish reticence 
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from open expression regarding them. Here, for example, is a striking thought, 
written marginally, on a fly-leaf, around some mathematical notes, in which he 
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